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Abstract
We construct C2 representations of the background quantities that characterize the
interior of the Sun and its atmosphere starting from the data-points of the standard solar
model S of [5]. This model is further extended considering an isothermal atmosphere,
that we refer to as model AtmoI. It is not trivial to build the C2 representations of the
parameters from a discrete set of values, in particular in the transition region between the
end of model S and the atmosphere. This technical work is needed as a crucial building
block to study theoretically and numerically the propagation of waves in the Sun, using
the equations of solar oscillations (also referred to as Galbrun’s equation in aeroacoustics).
The constructed models are available at http://phaidra.univie.ac.at/o:1097638.
1 Introduction
In this work, we construct a C2 representation for the spherically symmetric background
parameters characterizing the Sun, based on the model S for the interior, combined with an
isothermal atmospheric model denoted AtmoI. The propagation in the Sun is given by the
vectorial Galbrun’s equation, which describes the adiabatic wave motion on top of a static
fluid background at equilibrium, and is characterized by the following medium properties:
the density ρ0 , the adiabatic index γ , the fluid pressure p0 , (1.1)
and the following auxiliary parameters:
the adiabatic sound speed c0 and the gravitational potential φ0 . (1.2)
By auxiliary quantities (1.2), we mean that they are derived from the principal parameters
(1.1). The principal parameters (1.1) in the solar interior are given by model S, however,
under hydrostatic equilibrium, we obtain the pressure from ρ0 and γ, and only use the value of
the pressure given in the last entry of model S, see Section 5. We refer to [2] for a discussion
of a simplified version of Galbrun’s equation without flow, rotation and gravity potential
perturbation.
The model S given in [5] provides a point-wise representation of the principal parameters
of (1.1) up to a few hundred kilometers above the solar surface, but it is not satisfactory as the
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derivatives of the background parameters also appear in the wave equation, thus requiring to
build C2 representations. Namely, the Galbrun’s vector equation in [2] requires the derivatives
up to the second order of all of the physical parameters, and up to the third order for p0. In
the scalar case that is obtained from the Galbrun’s equation under simplifying assumptions,
and that is mostly used in recent works [7, 1, 6, 3, 4], the equation depends on c0, ρ0 and the
derivatives of ρ0 up to its second order.
In addition to building C2 representations, we extend the solar background quantities
(1.1) given by the model S [5] beyond the surface of the Sun to take into account the presence
of an atmosphere. In our work, we introduce the isothermal atmospheric model AtmoI, which
offers one option to generalize the model Atmo employed in in the scalar case in [6, 1, 3, 4].
Our model AtmoI retains the exponential decay of ρ0 and constant c0 of model Atmo, however
it needs additional assumptions to acknowledge the vector equation, see [2].
By C2 representations, we mean the construction of C2([0,∞)) functions for each of the
quantities in (1.1) and (1.2). They coincide with the data points of the model S in the interior
of the Sun (and satisfy the hydrostatic equilibrium) and the assumptions of the model AtmoI
in the atmosphere, see discussion in Subsection 2.2. For these functions to remain globally
C2, we need a transition region between the interior of the Sun and the atmosphere model as
illustrated in Figure 1.
r = 1 rs ra
The model S gives
the parameters in
[0, rs].
The model AtmoI defines
the parameters for r ≥ ra.
The transition region (rs, ra)
ensures C2(R3) parameters.
Figure 1: Illustration of the context: the model S of [5] gives point-wise coefficients for
the (spherical) solar parameters ρ0, γ and p0 up to the position rs > 1. We impose our
atmospheric model AtmoI after ra > rs. The transition region (rs, ra) is required to ensure
globally C2 coefficients. Here, r denotes the scaled radius (see Subsection 2.1), with r = 1
corresponding to the solar surface.
After introducing the notations of background parameters in scaled coordinates in Subsection 2.1,
we review the assumptions of model S-AtmoI in Subsection 2.2 and construct the background
functions, with the following hierarchy of dependence:
• We first construct γ and ρ0, first in the interior (Section 3) and then in the transition
and the atmosphere (Section 4).
• After this step, the pressure p0 and the gravitational potential φ0 and its first and
second-order derivatives are obtained everywhere, see Section 5.
• In the last step, we compute the remaining auxiliary quantities.
The constructed representations are made available at http://phaidra.univie.ac.at/o:1097638,
together with the script to reproduce the models and to obtain their values at any positions.
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2 Notation and properties of model S-AtmoI
In this section, we introduce the scaled radius and define the background coefficients in
this new variable. We also specify the properties of the model S-AtmoI and summarize the
quantities in Table 1. All quantities are assumed to be spherically symmetric, that is, to only
depend on the position along the Sun’s radius.
2.1 Physical parameters and scaled variables
Physical constants We use the following notation.
• We denote by R⊙ the Sun’s radius with R⊙ = 696.0 × 10
8 cm.
• G is the gravitational constant with G = 6.674 30 × 10−8 cm3 g−1 s−2.
Scaled radius We denote by xˇ the 3D coordinate system with its origin at the center of the
Sun, where the surface of the Sun is represented by {xˇ | |xˇ| = R⊙}. The scaled coordinates
x ∈ R3 and radius r = |x|, are defined by
x =
xˇ
R⊙
, r =
R
R⊙
, (2.1)
where R = |xˇ|. We note three special values of the scaled radius
r = 1 < rs < ra . (2.2)
The solar surface is located at r = 1, rs is the last point of the model S, and ra is the position
where the solar atmosphere begins, see Figure 1. We further note that
• rs = 1.000 716, corresponding to a height of about 496 km above the solar surface.
• We choose ra = 1.000 730, corresponding to 508 km above the surface.
• The interval (rs, ra) is referred to as the transition region.
Original background parameters The original parameters are functions of the unscaled
radius R, we have
– the density ρ0(R) given in g cm
−3,
– the adiabatic index γ(R),
– the pressure p0(R) given in g s
−2 cm−1.
From these quantities, the (adiabatic) sound speed (in cm s−1) is defined as
c0(R) :=
√
γ(R) p0(R)
ρ0(R)
. (2.3)
The gravitational potential φ0(R) is the solution to
∆xφ0 = 4π Gρ0 given by φ0(x) := −G
∫
R3
ρ0(|yˇ|)
|xˇ − yˇ|
dy . (2.4)
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Backgrounds parameters in scaled radius From a function f given in terms of R to
define a function f in terms of r, we use the construction,
r 7→ f(r) = f(R⊙ r) , for a given function f : R 7→ f(R) . (2.5)
• From R 7→ ρ0(R) and R 7→ γ(R), we define respectively,
the density ρ0(r) (in g cm
−3) and the adiabatic index γ(r) . (2.6)
• The scaled pressure field p0(r) (in g s
−2 cm−3) is defined by
p0(r) =
p0(R⊙r)
R2⊙
. (2.7)
• The scaled adiabatic background sound speed (given in s−1) is defined as the ratio
c0(r) :=
√
γ(r) p0(r)
ρ0(r)
. (2.8)
• The scaled background gravitational potential Φ0(r) is
x 7→ Φ0(x) =
φ0(R⊙ x)
R2⊙
. (2.9)
It takes unit in s−2 and is the solution to
∆xΦ0 = 4πGρ0 given by Φ0(x) := −G
∫
R3
ρ0(|y|)
|x− y|
dy . (2.10)
Scale height functions The inverse scale height functions for a scalar C1 function r 7→ g(r)
is defined as
αg(r) := −
∂rg(r)
g(r)
= −
g′(r)
g(r)
. (2.11)
Hydrostatic equilibrium function Under the radial and regularity assumptions, we work
with the quantity Ehe and E˜he, that capture the hydrostatic equilibrium condition,
Ehe :=
Φ′0
c20
−
αp0
γ
, E˜he := ρ0Φ
′
0 + p
′
0 . (2.12)
2.2 Properties of model S and AtmoI
We will state the equations for the scaled parameters, that is, with respect to the scaled
radius r.
Model S In this model, which is applied in the region 0 ≤ r ≤ rs, the physical quantities
ρ0, p0, γ are in hydrostatic equilibrium
p′0 = −ρ0 Φ
′
0 on r ∈ [0, rs] hydrostatic equilibrium. (2.13)
The above property comes from the Euler’s equation under adiabatic assumption and with
exterior force given by −ρ0∇Φ0, cf. [8, Eqs (1.14–1.17) p.22], and without flow. The Euler
system reduces to the equation of motion which takes the form ∇p0 = −ρ0∇Φ0. The
hydrostatic relation (2.13) is its form in spherical symmetry. Property (2.13) implies that
Ehe ≡ 0 , E˜he ≡ 0 , for 0 ≤ r ≤ rs . (2.14)
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Model AtmoI In this model which is applied for the region r ≥ ra that represents the
extended atmosphere, the physical parameters ρ0, c0 and γ satisfy
1. the sound speed c0 is constant and is equal to ca,
2. the adiabatic coefficient γ is constant and is equal to γa,
3. ρ0 is exponentially decreasing, which implies that the inverse density scale height αρ0
is constant and is equal to αa.
The fluid pressure p0 follows from (2.8) and is given by p0 = c
2
0 ρ0/γ .
Table 1: Summary of the background quantities and properties, defined in terms of the scaled
radius r, and definition of the model AtmoI in the atmosphere (r ≥ ra).
ρ0 density (in g cm
−3) principal parameter
γ adiabatic index principal parameter
p0 fluid pressure (g s
−2 cm−3) principal parameter
αg scale height function of g αg = −g
′/g.
c0 scaled velocity (in s
−1) from adiabaticity c0(r) :=
√
γ(r) p0(r)
ρ0(r)
Φ0 scaled background gravitational potential (in s
−2) Φ0(x) := −G
∫
R3
ρ0(|y|)
|x− y|
dy
Ehe hydrostatic equilibrium representative function Ehe :=
Φ′0
c20
−
αp0
γ
E˜he hydrostatic equilibrium representative function E˜he := ρ0Φ
′
0 + p
′
0
hydrostatic equilibrium property p′0 = −ρ0Φ
′
0 ⇒ Ehe = E˜he = 0
In the model AtmoI, for r ≥ ra, we have:
constant velocity: c0 = ca
constant adiabatic index γ = γa
exponentially decreasing ρ0, i.e., constant αρ0 = αa
fluid pressure p0(r) = c
2
a ρ0(r)/γa = c
2
a exp(−αa r)/γa
3 Spline representations from point-wise model S
We start from the set of point-wise coefficients for the adiabatic index γ and the density ρ,
given in the model S of [5], from r = 0 to r = rs. Practically, it consists of 2482 triples:
(rk, γk, ρk)k=1,..., 2482 , point-wise representation given in model S . (3.1)
From these discrete sets of values, our first task is to generate a cubic B-spline model and,
because the density is exponentially decaying in the atmosphere, we build the spline for log(ρ)
instead of ρ. Regarding spline representations, we refer to, e.g., [10, Section 8.3] and [9]. It
defines a representation with piecewise-polynomials of order 3 and we rely on the Matlab
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routine spline which, given a set of positions and associated coefficients, generate the spline
representation. Nonetheless, to avoid an oscillatory behaviour, we must not use all of the
positions given in the point-wise representation.
To evaluate the accuracy of our spline representation compared to a given point-wise
model mk = {γk, log(ρk)}, we define the maximal relative error ǫ∞ such that
ǫ∞(m) = max
k
∣∣mk − SNsm (rk)∣∣
|mk|
, (3.2)
where SNsm (rk) is the spline representation associated to m using Ns nodes of the model S
and evaluated in rk. To generate the spline representation, we want to keep Ns as small
as possible, while we impose ǫ∞ < 5× 10
−4, that is, less than 0.05% difference between the
spline representation and the original point-wise models. The following procedure is employed
for this purpose:
1. Generate an initial spline representation using 37 points (one every 70) of the model S.
2. Evaluate the resulting spline at all of the positions given in the model S.
3. Compute the maximal relative error ǫ∞ in (3.2), and identify the interval in which it is
contained.
4. Add 8 points in the interval in which the maximal error is contained.
5. Repeat steps 2–4 until ǫ∞ < 0.05.
Eventually, log(ρ) is represented by 72 splines (Ns = 73) and γ is represented by 85
splines (Ns = 86). Their formulation can further be retrieved in the online repository for the
models, available at http://phaidra.univie.ac.at/o:1097638.
4 Transition and atmosphere region: γ and ρ0
We now construct the functions γ and ρ0 in the transition region, see Figure 1.
4.1 Representation of γ on (rs,∞)
We start with the C2 representation for γ on [0, rs], given by the spline model built in Section 3.
Following our atmospheric model AtmoI (see Table 1), we impose that γ = γa for r ≥ ra. In
the transition, we choose the ansatz so that γ is C2 globally:
γ(r) =


model S-based splines γs(r) , r ∈ [0, rs] ;
f(r) , r ∈ (rs, ra) ;
γa , r ≥ ra
(4.1)
with f of the form,
f(r) = γa + a(r − ra)
3 + b(r − ra)
4 . (4.2)
This ansatz ensures that the function is C2 at r = ra. Next, we impose, at r = rs,
f(rs) = γs(rs) , f
′(rs) = γ
′
s(rs) , f
′′(rs) = γ
′′
s (rs) . (4.3)
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Substituting these condition in the ansatz (4.2), we have the following three equations to
identify the three unknowns: a, b and γa:

γa + a(rs − ra)
3 + b(rs − ra)
4 = γs(rs) ,
3a(rs − ra)
2 + 4b(rs − ra)
3 = γ′s(rs) ,
6a(rs − ra) + 12b(rs − ra)
2 = γ′′s (rs) .
(4.4a)
(4.4b)
(4.4c)
From the last two equations we obtain
(rs − ra)
(
3(rs − ra) 4(rs − ra)
2
1 2(rs − ra)
)(
a
b
)
=
(
γ′s(rs)
1
6γ
′′
s (rs)
)
. (4.5)
Thus, we have(
a
b
)
=
1
2(rs − ra)2
(
2(rs − ra) −4(rs − ra)
2
−1 3(rs − ra)
)
1
rs − ra
(
γ′s(rs)
1
6γ
′′
s (rs)
)
(4.6a)
=
(
2(rs − ra)
−1 −2(rs − ra)
−1
−2(rs − ra)
−3 3
2(rs − ra)
−2
)(
γ′s(rs)
1
6γ
′′
s (rs)
)
. (4.6b)
The first equation of (4.4) gives γa such that
γa = − a(rs − ra)
3 − b(rs − ra)
4 + γs(rs) . (4.7)
Therefore, we obtain the following formulations to compute a, b and γa:
a =
3γ′s(rs)− γ
′′
s (rs)(rs − ra)
3(rs − ra)2
; (4.8a)
b =
−2γ′s(rs) + γ
′′
s (rs)(rs − ra)
4(rs − ra)3
; (4.8b)
γa = γs(rs)−
(rs − ra)γ
′
s(rs)
2
+
(rs − ra)
2γ′′s (rs)
12
. (4.8c)
The first and second-order derivatives of γ are given analytically by
γ′ =


γ′s(r) , r ∈ [0, rs] ,
f ′(r) = 3a(r − ra)
2 + 4b(r − ra)
3 , r ∈ (rs, ra) ,
0 , r ≥ ra ,
(4.9)
and
γ′′ =


γ′′s (r) , r ∈ [0, rs] ,
f ′′(r) = 6a(r − ra) + 12b(r − ra)
2 , r ∈ (rs, ra) ,
0 , r ≥ ra .
(4.10)
We remind the scale height functions, given by
αγ = −
γ′
γ
, α′γ = −
γ′′γ − γ′2
γ2
. (4.11)
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4.2 Representation of ρ0 on (rs,∞)
We start with the C2 representation for log(ρ0) on [0, rs], given by the spline model built in
Section 3, and that we refer to as ̺s(r). The atmospheric model AtmoI we have introduced,
see Table 1, imposes that
for r ≥ ra , log ρ0(r) = −αa(r − ra) + log ρ0(ra) , (4.12)
with αa and log ρ0(ra) to be determined.
Look for an ansatz in the transition so that log(ρ0) is C
2 globally:
log ρ0 =


model S-based splines ̺s(r) , r ∈ [0, rs] ;
f(r) , r ∈ (rs, ra) ;
−αa(r − ra) + log ρ0(ra) , r ≥ ra ,
(4.13)
with f of the form,
f(r) = α3(r − rs)
3 + α2(r − rs)
2 + α1(r − rs) + α0. (4.14)
As we impose the function log(ρ0) to be C
2, we have at r = rs,
f(rs) = ̺s(rs) , f
′(rs) = ̺
′
s(rs) , f
′′(rs) = ̺
′′
s (rs) . (4.15)
Substituting these conditions in the ansatz, we obtain at r = rs


f(rs) = ̺s(rs) = α0 ;
f ′(rs) = ̺
′
s(rs) = α1 ;
f ′′(rs) = ̺
′′
s (rs) = 2α2.
(4.16a)
(4.16b)
(4.16c)
In r = ra, model AtmoI imposes f
′′(ra) = 0, such that,
f ′′(ra) = 0 = 6α3(ra − rs) + 2α2 ⇒ α3 = −
α2
3(ra − rs)
. (4.17)
We also have, in r = ra,
f ′(ra) = −αa = 3α3(ra − rs)
2 + 2α2(ra − rs) + α1 , (4.18a)
f(ra) = log ρ0(ra) = α3(ra − rs)
3 + α2(ra − rs)
2 + α1(ra − rs) + α0. (4.18b)
The inverse density scale heights function αρ0 = −(log ρ0)
′ is then obtained analytically:
αρ0 =


−̺′s(r) , r ∈ [0, rs] ;
f ′(r) = 3α3(r − rs)
2 + 2α2(r − rs) + α1 , r ∈ (rs, ra) ;
−αa , r ≥ ra ,
(4.19)
and
αρ0 =


−̺′′s (r) , r ∈ [0, rs] ;
f ′′(r) = 6α3(r − rs) + 2α2 , r ∈ (rs, ra) ;
0 , r ≥ ra .
(4.20)
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5 Pressure, gravitational potential and velocity
The model S prescribes point-wise values of the fluid pressure p0, similarly as for the density
and the adiabatic index. However, to ensure that the hydrostatic equilibrium (2.13) is strictly
preserved, the pressure is instead retrieved from the representations of ρ0 and γ we have
introduced above. Hence we shall only use from the model S the value of p0 in rs, see
Subsection 5.2.
5.1 Computation of the derivatives of the gravitational potential
From ρ0(r) computed above, the first and second-order derivatives of the gravitational po-
tential, Φ′0 and Φ
′′
0 are given by,
Φ′0(r) =
4πG
r2
∫ r
0
ρ0(s)s
2ds , (5.1a)
Φ′′0(r) = 4π Gρ0(r) −
2
r
Φ′0(r) . (5.1b)
The functions Φ′0 and Φ
′′
0 are continuous at r = 0 with
Φ′0(0) = lim
r→0
Φ′0(r) = lim
r→0
4πG
3
rρ = 0 ; (5.2a)
Φ′′0(0) = 4πGρ(0) −
8πGρ(0)
3
=
4πGρ(0)
3
. (5.2b)
Remark 1. We note that the third-order derivative is given by,
Φ′′′0 (r) = 4πGρ
′
0(r) − 2
Φ′′0(r)
r
+ 2
Φ′0(r)
r2
, (5.3)
and using the previous limits
Φ′′′0 (0) = 4πGρ
′
0(0) . (5.4)
Consequently, Φ0 is at least C
3 (if ρ0 is at least C
1). △
5.2 Computation of the pressure in the interior
From Φ′0 and ρ0, the first and second-order derivative of the pressure, p
′
0 and p
′′
0 in the interior
are obtained using the hydrostatic equilibrium (see Table 1):
p′0(r) = −ρ0(r)Φ
′
0(r), (5.5a)
p′′0(r) = −ρ0(r)Φ
′′
0(r) − ρ
′
0(r)Φ
′
0(r) . (5.5b)
We integrate to obtain p0:
p0(r) = p0(rs) +
∫ rs
r
ρ0(s)Φ
′
0(s)ds. (5.6)
The value of p0(rs) is given by the data point from model S of [5].
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5.3 Computation of the pressure in the transition and atmosphere
For the computation of the pressure in the transition region and the atmosphere, we take
p′0(r) = −ρ0(r)Φ
′
0(r) + E˜he(r) , r ≥ rs ; (5.7a)
p0(r) = p0(ra) e
−αa(r−ra) , r ≥ ra . (5.7b)
That is, in the transition region, the hydrostatic equilibrium is no more respected, and E˜he
represents the distance to this equilibrium. We write
p0(r) = −M(r) +Q(r) + p0(rs) , r ∈ (rs, ra) , (5.8a)
p0(r) = e
−αa(r−ra) lim
r→r−a
(−M(r) +Q(r) + p0(rs)) , r ≥ ra , (5.8b)
with
M(r) :=
∫ r
rs
ρ0 Φ
′
0 ds , Q(r) :=
∫ r
rs
E˜he . (5.9)
For the function E˜he, we consider on [rs, ra] that it is a polynomial, with the ansatz,
E˜he = (r − rs)
3
N∑
n=0
an(r − ra)
n . (5.10)
Here, E˜he = 0 in r = rs, where the hydrostatic equilibrium still prevails. The chosen inte-
gration factors in (5.8) and (5.9) guarantee the continuity of p0 at r = rs, while the factor
(r − rs)
3 guarantees the continuity at r = rs of p
′
0, p
′′
0 and p
′′′
0 , thus p0 is C
3 at r = rs. It
remains to impose the continuity at r = ra for the derivatives of p0. We have, using (5.7b),

p′0(ra) = −αa p0(ra) ,
p′′0(ra) = α
2
a p0(ra) ,
p′′′0 (ra) = −α
3
a p0(ra) .
(5.11a)
(5.11b)
(5.11c)
This amounts to three equations and therefore we have to take N+1 = 3 unknowns so N = 2
in (5.10).
The computation follows the steps given below, for which we introduce the notation,
a := (ρ0Φ
′
0)(ra) , b := (ρ0Φ
′
0)
′(ra) , c := (ρ0Φ
′
0)
′′(ra) . (5.12)
Step 1 At r = ra, we have
E˜he(ra) = (ra − rs)
3a0 ,
E˜′he(ra) = 3(ra − rs)
2a0 + (ra − rs)
3a1 ,
E˜′′he(ra) = 6(ra − rs)a0 + 6(ra − rs)
2a1 + 2(ra − rs)
3a2 .
(5.13)
Using (5.11), we obtain
p′0(ra)
−αa
=
p′′0(ra)
α2a
,
p′0(ra)
−αa
=
p′′′0 (ra)
−α3∞
. (5.14)
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The first equation in (5.14) gives
−a+ (ra − rs)
3a0
−αa
=
−b+ 3(ra − rs)
2a0 + (ra − rs)
3a1
α2a
⇒ a1 =
(
−a+ (ra − rs)
3a0
−αa
−
−b+ 3(ra − rs)
2a0
α2a
)
α2a
(ra − rs)3
,
(5.15)
and we obtain
a1 =
aαa + b
(ra − rs)3
− a0
(
αa +
3
(ra − rs)
)
. (5.16)
The second equation in (5.14) gives,
−a+ (ra − rs)
3a0
αa
=
−c + 6(ra − rs)a0 + 6(ra − rs)
2a1 + (ra − rs)
32a2
α3a
⇒
−aα2a + c
2(ra − rs)3
+
(
α2a
2
−
3
(ra − rs)2
)
a0 −
3
(ra − rs)
a1 = a2 .
(5.17)
Substitute a1 in terms of a0 using (5.16), we get
a2 =
−aα2a + c
2(ra − rs)3
+
(
α2a
2
−
3
(ra − rs)2
)
a0 −
3
(ra − rs)
(
aαa + b
(ra − rs)3
− a0
(
αa +
3
(ra − rs)
))
=
(
−aα2a + c
2(ra − rs)3
−
3
(ra − rs)
aαa + b
(ra − rs)3
)
+ a0
(
α2a
2
−
3
(ra − rs)2
+
3
(ra − rs)
(
αa +
3
(ra − rs)
))
,
(5.18)
and
a2 =
(
−a
(
α2∞
2
+
3αa
(ra − rs)
)
+
c
2
−
3b
(ra − rs)
)
1
(ra − rs)3
+ a0
(
α2a
2
+
6
(ra − rs)2
+
3αa
(ra − rs)
)
.
(5.19)
For a compact notation, we define the constants in (5.16) and (5.19) using Cij, giving
a1 = C10 + C11 a0 , a2 = C20 + C21 a0 . (5.20)
Step 2 We rewrite E˜he as,
E˜he = (r − rs)
3
(
a0 + a1(r − ra) + a2(r − ra)
2
)
= (r − rs)
3
(
a0 + a1(r − rs) + a1(rs − ra) + a2((r − rs)
2
+ 2(r − rs)(rs − ra) + (rs − ra)
2
)
= (r − rs)
3
(
a0 + a1(rs − ra) + a2(rs − ra)
2 + a1(r − rs)
+ a2(r − rs)
2 + 2a2(rs − ra)(r − rs)
)
= (r − rs)
3
(
C +B(r − rs) + a2(r − rs)
2
)
,
(5.21)
where
C := a0 + a1(rs − ra) + a2(rs − ra)
2 , B := a1 + 2a2(rs − ra) . (5.22)
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From the definition of Q in (5.9), we have
Q(r) :=
∫ r
rs
E˜he ds =
∫ r
rs
C(r − rs)
3 +B(r − rs)
4 + a2(r − rs)
5 ds
=
C
4
(r − rs)
4 +
B
5
(r − rs)
5 +
a2
6
(r − rs)
6 .
(5.23)
Substitute the definition of B and C into Q,
Q(ra) =
a0 + a1(rs − ra) + a2(rs − ra)
2
4
(ra − rs)
4
+
a1 + 2a2(rs − ra)
5
(ra − rs)
5 +
a2
6
(ra − rs)
6
=
(ra − rs)
4
4
a0 + a1(ra − rs)
5
(
−
1
4
+
1
5
)
+ a2(ra − rs)
6
(
1
4
−
2
5
+
1
6
)
=
(ra − rs)
4
4
a0 − a1(ra − rs)
5 1
20
+ a2(ra − rs)
6 1
60
.
(5.24)
For simplicity, this last expression is written as
Q(ra) = Q0 a0 + Q1 a1 + Q2 a2 . (5.25)
In terms of Cij defined in (5.20), we have
Q(ra) = Q0a0 +Q1(C10 + C11a0) +Q2(C20 + C21a0)
= (Q0 +Q1C11 +Q2C21)a0 +Q1C10 +Q2C20 .
(5.26)
We now return to equation (5.11a), we have p′0(ra) = −αap0(ra),
−a+ (ra − rs)
3a0
−αa
= −M(ra) + (Q0+Q1C11+Q2C21)a0+Q1C10+Q2C20 + p0(rs) , (5.27)
and solve for a0,
a0
(
Q0 +Q1C11 +Q2C21 +
(ra − rs)
3
αa
)
= M(ra) +
a
αa
−Q1C10 −Q2C20 − p0(rs) . (5.28)
In the transition region, we compute p′0 using (5.7a), where
E˜he = (r − rs)
3
(
a0 + a1(r − ra) + a2(r − ra)
2
)
, r ∈ (rs, ra) , (5.29)
and the constant a0 is given by (5.28) and a1 and a2 are obtained from a0 using (5.16) and
(5.19). We can obtain the next derivatives of the pressure
r ∈ (rs, ra)
{
p′′0(r) = −ρ
′
0(r)Φ
′
0(r)− ρ0(r)Φ
′′
0(r) + E˜
′
he ,
p′′′0 (r) = −ρ
′′
0(r)Φ
′
0(r)− 2ρ
′
0(r)Φ
′′
0(r)− ρ0(r)Φ
′′′
0 (r) + E˜
′′
he ,
(5.30a)
(5.30b)
where the derivatives of E˜he are obtained analytically from (5.29).
In the atmosphere, p0 is given by (5.7b) and the derivatives are thus
r ≥ ra


p′0(r) = −αap0(ra) e
−αa(r−ra) ,
p′′0(r) = α
2
ap0(ra) e
−αa(r−ra) ,
p′′′0 (r) = −α
3
ap0(ra) e
−αa(r−ra) .
(5.31a)
(5.31b)
(5.31c)
Then, the expression of E˜he is obtained from (5.7a) and its derivatives using (5.30a) and
(5.30b).
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5.4 Velocity and inverse scale height functions
The velocity is obtained from the adiabaticity (Table 1) from ρ0, γ and p0, such that,
c0 =
√
γ p0
ρ0
. (5.32)
Furthermore, the inverse scale height functions α• are given by
αγp0 = αγ + αp0 , (5.33a)
αc0 =
1
2
(αp0 − αρ0 + αγ) , (5.33b)
α′γp0 = α
′
γ + αp0 + αγ + α
′
p0 , (5.33c)
α′c0 =
1
2
(
α′p0 − α
′
ρ0 + α
′
γ
)
. (5.33d)
6 Summary of important values
In this section, we review the methodology to generate the solar models, and explicitly give
some key-values we obtain for the models that are made available at http://phaidra.univie.ac.at/o:1097638.
From the computational steps we have prescribed, the background models depend only on
the following choices:
1. The choice of rs: we use the last entry given in the model S:
rs = 1.000 716 . (6.1)
2. The choice of ra: we consider that the atmosphere starts in
ra = 1.000 73 . (6.2)
3. The selection of nodes for the spline representation of log(ρ0) and γ, for which we follow
the procedure given in Section 3.
4. The choice of approximation for the numerical integration to compute (5.1a) and (5.6):
we use a trapeze rule with a discretization step 10−7.
We review the computational steps in Algorithm 1, while the resulting background solar mod-
els and scripts to generate them are available at http://phaidra.univie.ac.at/o:1097638.
We note that
r
c0(r)
is decreasing on [0,∞) , (6.3)
for r ≥ ra, αρ0 = αp0 = αγp0 = αa , c0 = ca , γ = γa . (6.4)
We review in Tables 2 to 6 the main background parameters.
Acknowledgments
This work is supported by the Inria associated-team Ants (Advanced Numerical meThods
for helioSeismology) between project-team Inria Magique 3D and the Max Planck Institute
for Solar System Research in Go¨ttingen. FF is funded by the Austrian Science Fund (FWF)
under the Lise Meitner fellowship M 2791-N.
13
Data: point-wise models for the density and adiabatic index.
Data: choice of rs and ra.
1. Compute piecewise-polynomial representation for γ and log(ρ0):
– spline representation in [0, rs] from points given in model S, cf. Section 3,
– extension from [rs, ∞], cf Section 4,
– the scale height functions and derivatives follow explicitly.
2. Compute the derivatives of the background gravity potential Φ′0, Φ
′′
0 and Φ
′′′
0 in
[0, ∞], cf. Subsection 5.1.
3. Compute the pressure and its derivatives p0, p
′
0, p
′′
0 and p
′′′
0 in [0, rs], cf. Subsection 5.2.
4. Compute E˜he, in [rs, ra] (it is 0 in [0, rs]), it is a polynomial of order 5, cf. (5.29).
5. From E˜he, we obtain p
′
0 in [rs, ra] using (5.8) and the derivatives p
′′
0 and p
′′′
0 using
(5.30a) and (5.30b) as well as p0 by integration.
6. Compute the pressure p0 in [ra, ∞] using (5.7b) and its derivatives using (5.31).
7. Compute E˜he in [ra, ∞] using (5.7a) and its derivatives from (5.30a) and (5.30b).
8. Compute Ehe and the auxiliary functions (c0, scale heights) and derivatives.
Algorithm 1: Steps for the computation of C2 solar models.
Table 2: Summary of information for the adiabatic index γ.
adiabatic index γ
[0, rs] principal parameter defined using a spline representation from the point-wise
values given in model S. In rs, we have,
γ(rs) = 1.640 705 3.
[rs, ra] γ(r) = γa + a(r − ra)
3 + b(r − ra)
4 ,
with a = −2.382 237 1 × 1011, b = −6.824 078 6 × 1015.
r > ra constant value γ(r) = γa = 1.640 075 9
Illustration of the adiabatic index γ and zoom near r = 1.
0 0.2 0.4 0.6 0.8 1
1.2
1.4
1.6
r
γ
γ
0.98 1
1.2
1.4
1.6
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Table 3: Summary of information for the density.
density ρ0 and it inverse scale height αρ
[0, rs] principal parameter defined using a spline representation from the point-wise
values given in model S. In rs, we have,
ρ0(rs) = 3.292 483 2 × 10
−9 g cm−3,
[rs, ra] log ρ0(r) = α3(r − rs)
3 + α2(r − rs)
2 + α1(r − rs) + α0 ,
with α0 = −1.953 162 3 × 10
1 g cm−3, α1 = −6.633 585 3 × 10
3 g cm−3,
α2 = 6.402 232 2 × 10
4 g cm−3, α3 = −1.226 481 3 × 10
9 g cm−3.
r > ra ρ0(r) = exp(−αa r) ,
with αa = 6.632 471 3 × 10
3.
Illustration of the inverse density scale height αρ on a logarithmic scale.
0 0.2 0.4 0.6 0.8 1
10−2
101
104
r
α
ρ
αρ
0.998 1.001
103
103.5
Table 4: Summary of information for the scaled velocity.
Scaled velocity c0
[0, ra] c0(r) :=
√
γ(r) p0(r)
ρ0(r)
, using the adiabaticity.
r > ra constant value c0(r) = ca = 9.860 782 8 × 10
−6 s−1.
Illustration of the scaled velocity c0.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
2
4
6
8
·10−4
r
c 0
=
c 0
/
R
⊙
(s
−
1
)
c0
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Table 5: Summary of information for the Ehe and E˜he.
Ehe and E˜he
[0, rs] Ehe = 0 , E˜he = 0.
[rs, ra] E˜he(r) = (r − rs)
3
(
a0 + a1(r − ra) + a2(r − ra)
2
)
,
with a0 = −0.231 822 7 g cm
−3 s−2, a1 = 4.150 699 3 × 10
4 g cm−3 s−2,
a2 = −4.864 383 0 × 10
9 g cm−3 s−2,
Ehe =
E˜he(r)
γ(r) p0(r)
.
r > ra E˜he(r) = ρ0(r)Φ0(r)
′ + p0(r)
′ , Ehe(r) =
Φ′0(r)
c0(r)2
−
αp0(r)
γ(r)
.
Illustration of Ehe, it is zero for r ≤ rs.
1 1.02 1.04
−400
−300
−200
−100
0
r
E
h
e
Ehe
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